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Abst ract - -The  problem of heat transfer in fully developed IAm~uar flow in a rectangular duct is 
solved using a symbolic finite element method. The Nmmelt number is obtained as a power series 
of the aspect ratio of the duct. The solution procedure here differs from the conventional finite 
element method, in that the aspect ratio remains in symbolic form throughout the computation. 
Part of the computation is done mdng the computer algebra system Mathematica. However, the most 
computational intensive part which involves a Gauss elimination in symbolic form is implemented 
using an ordinary computer program without resorting to a computer algebra system. The agreement 
between the results from the present work and those from exact munerlcal procedures i  reasonable. 
NOMENCLATURE 
a aspect ratio of the rectangular duct H convection coefficient 
(-~ h / lo ) T temperature 
b scaled aspect ration (-- (a-0.5)/10) dp/dz pressure gradient 
h height of the rectangular duct .f~(s), ]*(s) shape functions (i ~- 1,0,-1) 
k thermal conductivity Null1 Nuseelt number for the H1 
q averaged heat flux at the channel boundary condition 
wall a thermal dlifusivity 
s,t local coordinates ~ temperature gradient along the 
u flow velocity flow direction 
w width of the rectangular duct /J dynamic viscosity 
y, z global coordinates @ normalized temperature 
D hydraulic diameter 
1. INTRODUCTION 
The  term computat iona l  heat transfer is usually, but  inappropriately,  taken to mean heat transfer 
computat ion  in numerical  form, even though computat ion in symbol ic form is no less a computa-  
t ion. This  is unders tandab ly  so because a conventional digital  computer  is designed to work with 
numbers rather than symbols;  it readi ly performs integer and f loating point  operat ions,  but  it 
requires a special  symbol ic manipulat ion program before it is ready to do symbol ic  computat ion 
for the user. 
Whi le  numerical  calculations may be convenient to do on a computer,  the results of numerical  
solut ions can be inconvenient to present. In rare cases when the complete result of a solut ion can 
be represented as a single number, a numerical  solution is the most convenient. But more often 
than not,  the solutions are functions of one or more parameters.  In these cases, the numerical  
program has to be run as many times as the number of desired data  points. Furthermore,  the 
presentat ion of the numerical  results by unwieldy graphs or tables can be cumbersome. In a 
symbol ic  approach, a single expression may present a general result that  is a function of several 
parameters .  
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Symbolic omputation is hardly a new subject [1-5]. It has been used in theoretical physics for 
more than two decades. However, its use in heat transfer and fluid flow is scanty though increas- 
ing [6-10]. Recently, several powerful, general purpose computer algebra systems have become 
widely available for use from personal computers, workstations to mainframe computers [11-15]. 
This should be a boost to the popularity of the use of computer algebra in heat transfer as well 
as in many other engineering applications. 
2. COMPUTER ALGEBRA AND FINITE ELEMENT METHOD 
As finite element is one of the most widely used computational methods in engineering, one 
may naturally wonder if the capability of symbolic computation can be used in finite element 
analysis. The early applications of symbolic omputation i finite element are mostly in structural 
mechanics [16-18]. So much progress has been made in this area, that software systems capable of 
deriving and generating finite element computer codes in structural mechanics have already been 
developed [19]. Presumably, many of these techniques of using computer algebra in structural 
mechanics can also be applied to finite element in heat transfer and fluid flow. These applications 
can be termed as numerical finite element analysis aided by computer algebra: while they use 
the symbolic manipulation capabilities of computer algebra, nevertheless the solution is still 
numerical in nature rather than symbolic. 
Finite-element-like solution procedures that are truly symbolic have also been reported [20-22]. 
In these procedures, the form of the solution (typically polynominal) is first assumed, and then 
the coefficients are fixed, using a weighted residual method (or other similar ones) that requires 
the residual to be a minimum in some sense. These solution procedures are akin to, but not 
exactly the same as the conventionally finite element method. Their major difference from the 
conventional finite element method is that the trial function is not an interpolation formula in 
terms of the nodal values in an element. In particular, if more than one element is used in a 
two or three dimensional problem, there is no easy way to impose the continuity condition at the 
elemental interface. 
In this work, we describe a solution procedure that is symbolic in nature yet closely parallel 
to the conventional finite element method. This is illustrated by using the problem of heat 
transfer in rectangular duct flow as an example. Our parameter of interest (the Nusselt number) 
remains in symbolic form throughout. The operations on floating point numbers in conventional 
finite element become operations on polynomials (of the Nusselt number) here. And while Gauss 
elimination is a crucial part of the solution procedure here much like in a conventional case, our 
Gauss elimination involves polynomial multiplications (divisions) rather than just floating point 
multiplications (divisions). 
Part of the symbolic computation i this work is done by using the computer algebra system 
Mathematica [13,14] on a personal computer, and part of the symbolic computation is done in 
ordinary computer programs written in C language outside the computer algebra system. In fact, 
we will show how the most computational intensive part of the solution procedure, the Gauss 
elimination, is implemented in a C program. 
While we have chosen somewhat arbitrarily to use the computer algebra system Mathemat- 
ica in this work, two other comparable computer algebra systems might also be used instead: 
MACSYMA [11] and Maple [12,15]; they are just as powerful and widely accessible. 
3. HEAT TRANSFER IN A RECTANGULAR DUCT FLOW: 
FORMULATION OF THE PROBLEM 
To illustrate the symbolic finite element method, we consider here the widely studied problem 
of steady state heat transfer in rectangular ducts with fully developed laminar flow, where the 
temperature ises linearly along the flow direction (Figure 1). This is essentially a two-dimensional 
problem in the y-z plane of Figure 1. The governing equation for the temperature distribution 
is [23] 
Fa T a2T] 
+ j , (1) 
Heat transfer in duct flow 17 






Figure 1. Geometry of a rectangular duct. 
where T is the temperature, u is the flow velocity, y and z are the transverse coordinates, a is 
the thermal diffusivity and/3 is the constant rise in wall temperature per unit length along the 
longitudinal direction. 
For a laminar flow, the velocity distribution can be obtained analytically by solving the Pois- 
son's equation, subject to the no slip boundary condition. It can be written as 
4w~ (dd~=) ~ :'~1 [1--cosh(n~ry/w)]cos(nrz) 
u~ ,, -(-1)("-~)/~ ~ ) J  , ~ ,"  
U' -  
n=l,3,... 
(2) 
Here, # is the dynamic viscosity, -~ is the pressure gradient, w is the channel width, h is the 
channel depth, and the origin is at the center of the channel. 
The boundary condition for T considered in this work is the constant peripheral walt temper- 
ature condition. It is customarily referred to as the H1 boundary condition in the heat transfer 
literature [24]. 
4. METHOD OF SOLUTION 
4.1. The Element and Interpolation Formulas 
For simplicity, we shall illustrate our solution procedure using a one-element solution. The 
element is a {)-node rectangular one and its nodes are shown in Figure 2. Because of symmetry, 
only a quarter of the channel needs to be considered. The element in Figure 2 is thus used to 
represent the upper right quadrant of the channel. The local coordinates ( , t) are related to the 
global coordinates (y, z) by (s = 4y/w- 1) and (t -- 4z/h- 1). Furthermore, we shall use a 
normalized temperature such that at the channel wall its value is 1. With these, Equation (1) 
can be rewritten as 
[02(I ) a20'~] 16 • u ---- a + (3) ~-~ L 082 ~- J  ' 
where a - h/w is the aspect ratio of the channel. The boundary conditions at the top and the 
right sides of the element are ~(s,t  = 1) = ~(s = 1,t) = 1. The left and the bottom sides of the 
element correspond, respectively, to the vertical and horizontal lines of symmetry of the channel, 
O(I) -1 , t )  = O(I) -1 )  0. and the boundary conditions there are ~-s(s = ~- (s , t  -- = 
As a trial function for the temperature distribution in the element, we use the following inter- 
polation function that involves the temperature and its partial derivatives at each of the 9 nodes 
~(s,t)= E<~(i,j)fi(s)fj(t)+ E~,(i,j)f.~(s)fj(t)+ Z~,(i,j)fi(s)j~j(t), (4) 
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Figure 2. Local coordinate system for a Snode element. 
where ‘P,(i, j) = E(i,j), ?p,(i,i) = g(i,j), and the summation covers 
Q fi and f8f are the s tpe functions given by 
i,j = -1,0 and 1. 
fl(S) = 
82 (4 - 3s) (1+ s)2 s2(s - 1) (1-t s)2 
4 ’ 
fX4 = 4 ’ 
fo(s) = (s - q2 (1+ s)2, f;(s) = s (8 - 1)2 (1+ s)2, 
f-l(S) = f1(-s), L(s) = cc-8). 
It can be easily verified that at any one of the 9 nodes, Equation (4) and the resulting equations 
obtained by taking the partial derivatives of Equation (4) (with respect to s and t) reduce to 
identities. In other words, the interpolation formulas for @ and its partial derivatives are exact 
at the nodes. 
The boundary conditions can be imposed by substituting the known nodal values and deriva- 
tives into Equation (4). For the constant temperature condition at s = 1, we have Q(l,l) = 
@(l, 0) = 0(1,-l) = 1 and al(l,l) = $(l,O) = 01(1, -1) = 0. For the constant tempera- 
ture condition at t = 1, we have O(l,l) = O(O,l) = @(-1,l) = 1 and @,(l,l) = ipb(O, 1) = 
a#(-1,1) = 0. For the symmetry boundary conditions at s = -1 and t = -1, we have 
b$(l, -1) = Qit(O, -1) = @J-l, -1) = 0 and 0,(-l, 1) = (Pd(-1,O) = aS(-l, -1) = 0. These 
give a total of 15 known nodal values to be substituted into Equation (4). It should be noted 
that the interpolation formula satisfies the boundary conditions exactly not just at the boundary 
nodes, but along the entire boundary. 
(In passing, we note that other types of boundary conditions, say, the condition that the right 
side of the element (s = 1) is at a constant applied heat flux, can be imposed by putting ad (1,1) = 
@*(l, 0) = 0, (1, -1) = Q. And the condition of a convective heat boundary at s = 1 can be 
imposed by: 9,(1, i) = H(@(l, i) - O,), where i = 1, 0, -1, Qm is the ambient temperature, and 
H is the convection coefficient.) 
The solution procedure of the problem boils down to determining the 12 unknown nodal values. 
(There are a total of 27 nodal values in the element, but 15 of them are already known from 
boundary and symmetry conditions.) Our objective is to retain the aspect ratio, a, in symbolic 
form throughout the solution, and obtain the temperature distribution and the Nusselt number 
as a function of a. The velocity distribution in the form of Equation (2) is clearly awkward, if 
not impossible, for algorithmic symbolic manipulation, since it has the aspect ratio a embedded 
in the argument of some hyperbolic and trigonometric functions. We thus rewrite the velocity 
distribution as a power series of a (which is a handy job for a computer algebra system), and be 
content with getting the Nusselt number as a power series of a. Furthermore, instead of using a, 
we use a scaled variant of it, b = (a - O.S)/lO.O for a better convergence in the power series. 
4.2. The Weighted Residual Method and Gauss Quadruture Integration 
The unknown nodal values in the interpolation formula are determined using Gale&in’s 
weighted residual method. According to this method, we first substitute the interpolation func- 
tion into Equation (3) and obtain the residual. Then for each unknown nodal value, we have the 
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following equation: 
residual x ( coefficient of nodal value in interpolation function ) dy dz = O. (5) 
For example, for the unknown odal value 4,(1, 0), we have 
a ~,-~-s~ + (lOb + 0.5) 2 -~ j  - ~-~ 13 u f~ (s) fo(t) ds dt - O. (6) 
(The determinant ofthe Jacobian matrix has been omitted in Equation (6), since it is a constant 
and is of no interest here.) 
Applying Equation (5) to each of the unknown nodal values generates a system of linear 
equations, from which the nodal values can be solved for. In the usual finite element analysis, 
Equation (6) and the other similar integrals are first integrated by parts to get rid of the second 
derivatives. But here, we need not follow this common practice since all the second derivatives 
can be evaluated easily. Furthermore, since much of the computation is going to be done by 
programming a computer algebra system, it is actually easier to keep the second derivatives in 
Equation (6) rather than integrating it by parts first. 
In the most simple minded approach, one can simply program a computer algebra system to 
generate the system of linear equations by evaluating all the integrals (Equation (6) and other 
similar ones) as is. Each integral results in a polynomial in b. But this is not practical because the 
integrants are extremely lengthy, and doing this requires much computation time and memory. 
Some shortcuts can be used to reduce the computation time. 
First, we can make use of the fact that each integrant is actually the sum of many terms, 
and each term is of the form f~l f~l gi(s)gj(t)gin(s)gn(t)ds r, where i, j, m, n = 1,0 or -1, 
and gi denotes either fi or f/*, defined previously. (Each of these terms corresponds roughly to 
an element of the so called heat conduction matrix in the conventionally finite element method.) 
These same terms arise repeatedly among the 12 integrants involved in our solution procedure. 
It is much more computational efficient o first integrate these individuals terms once and for all. 
Second, instead of evaluating the integrals exactly, we can evaluate them much faster using 
the Gauss quadrature integration. In this work, we use a 6 point Gauss quadrature integration, 
which actually gives exact results for the terms that are polynomials in s and t, but only approx- 
imate results for the terms that are exponential functions of s and t (arising from the velocity 
distribution u(s,t)). (The Gauss quadrature integration is symbolic in the sense that the result 
of the integration is a polynomial in b.) 
It should be noted that procedures analogous to these two shortcuts are simply part of the 
standard finite element algorithm. Using these shortcuts, our computation time in evaluating 
the 12 integrals was reduced from 18 hours to 1 hour on an AT&T 386 computer with a 80387 
coprocessor. 
4.8. Gauss Elimination on Polynomials 
The nekt major task of the solution procedure issolving the system of linear equations in which 
the coefficients are polynomials rather than pure numbers. There are many ways to do this. 
The most simple minded way is to use a general purpose canned routine for solving a system 
of linear equations, available in any decent computer algebra system (e.g., LinearSolve in Mathe- 
matica, linsolve in MACSYMA), and obtain an exact solution. This is the best way if the system 
of equations i  small, say of 3 or 4 unknowns. But if the system is large, say of 48 unknowns 
in case we use a 4 element solution, then even though each coefficient is only a second degree 
polynomial, the availability of computer memory size practically prohibits any current computer 
algebra system from obtaining the exact solution. And even if the exact solution is obtained, it
will be so lengthy that it is of little interest. 
A better way is to program the well known Gauss elimination algorithm in a computer algebra 
system, replacing the operations on floating point numbers (addition, subtraction, multiplication 
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and division) by analogous operations on polynomials. Furthermore, in the polynomial multi- 
plications and divisions, one merely needs the series expansion of the result to a desired degree. 
This, however, still turns out to be unacceptably slow for the equations to be solved in this work. 
This is not surprising because the polynomial manipulations that the computer algebra system 
performs till involve intensive operations on floating point numbers, and the computer algebra 
systems we tried become inefficient when a large number of these operations are involved. 
The best way to obtain a symbolic solution of the system of linear equations in this work 
is to use an ordinary computer program without resorting to a computer algebra system. The 
procedures to do this, which involve using the numerical Gauss elimination algorithm iteratively 
to obtain the successive terms in the polynomial solution, are described in the Appendix. 
5. RESULTS 
Once all the nodal values in the interpolation formula are determined by solving the system 
of linear equations, it is straightforward to compute the Nusselt number. The definition of 
Nusselt number here is: Nul l1 -- qD/ (k  (Tw~l - Tbulk)), where q is the averaged heat flux at the 
duct wall, D is the hydraulic diameter defined as D -- wh/ (2  (w + h)), k is the liquid thermal 
conductivity, Tw~l is the wall temperature and Tbulk is the bulk liquid temperature defined as 
Tbulk -- ( f  T u dA) / ( f  u dA). For this particular example, using one element and a constant 
temperature boundary condition, the Nusselt number to fourth order in b is: 
Nus l (1 -e lement )  = 4.121 - 26.38 b + 531.3 b 2 - 5604 b 3 + 32360 b 4. 
Table 1 gives a comparison between this solution and the exact numerical solution reported in 
the literature. The agreement is reasonable. 
Table 1. Nusselt number (Nusl)  as a function of the aspect ratio (a) : 4 walls of the 
rectangular duct at constant temperature. 
a 0.0 0.2 0.4 0.6 0.8 1.0 
symbolic, 1-element 7.67 5.57 4.44 3.91 3.68 3.63 
symbolic, 2-element 7.96 5.86 4.68 4.07 3.79 3.68 
symbolic, 4-element 8.17 5.73 4.48 3.91 3.68 3.68 
numerical, [24] 8.24 5.74 4.47 3.90 3.66 3.61 
Notice that the Nusselt number for the limiting case of zero aspect ratio (a = 0 or b - -0.05) 
can be easily obtained from this solution. In a purely numerical approach, one has to obtain the 
Nusselt numbers for many small values of a and then extrapolate. 
6. EFFECT OF USING MORE ELEMENTS 
We have repeated our solution procedure by increasing the number of elements. Since our inter- 
polation formula, Equation (4), uses the nodal temperature aswell as its first partial derivatives, 
the solution is continuous up to the first derivative across elemental boundaries in a multi-element 
solution. The Nuaselt numbers for the two and four elements olutions are, respectively, 
Nus l (2 -e lement )  = 4.31752 - 29.7631 b+ 542.575 b2 - 5183.04 bs + 23362.7 b 4, 
Nusl(4-element) = 4.13551 - 27.9654 b+ 583.813 b2 - 6798.37 b3 + 52784.2 b 4. 
Table 1 gives also the comparison between the results using one, two and four elements. As the 
number of elements increases, the symbolic solution converges to the exact numerical solution 
from [24]. 
In Table 2, we give the results for the solution with a slightly different boundary condition: 2 
adjacent walls at constant emperature and the other 2 adjacent walls insulated. Again, the 
agreement is fairly well. 
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Table 2. Nusselt number (Nul-11) as a function of the aspect ratio (a): 2 adjacent 
walls of the rectangular duct at constant temperature. 
21 
a 0.O 0.2 
symbolic, 4-element 5.15 3.89 
numerical, [24] 5.39 3.91 
0.4 0.6 0.8 1.O 
3.26 2.97 2.86 2.90 
3.27 2.99 2.87 2.84 
7. EXTENSION TO ELEMENTS WITH CURVED BOUNDARIES  
Our method of solution can be extended to elements with curved boundaries. For example, 
in the problem of heat transfer in fully developed laminar flow in an elliptic duct, we can divide 
the elliptic cross-section i to isoparametric elements, while keeping the aspect ratio in symbolic 
form. The major difference between this case, using curved elements and the previous case, using 
rectangular elements, is that Equation (5) now needs to be integrated by parts to get rid of the 
second derivatives, as the second erivatives are extremely messy (because now the transformation 
from the local coordinates (s, t) to the global coordinates (y, z) can not be obtained in explicit 
form). The rest of the solution procedures are then similar to those outlined in Section 4, and 
the temperature distribution and the Nusselt number can be obtained as a power series of the 
aspect ratio of the elliptic duct. 
8. CONCLUDING REMARKS 
In this paper, we have described the procedure to obtain a symbolic finite element solution 
to the problem of heat transfer in rectangular duct flow. The temperature distribution and, in 
particular, the Nusselt number were obtained as power series of a, the aspect ratio of the duct. 
While much of the computation was done using the computer algebra system Mathematica, the 
most computational intensive part, the Gauss elimination, was actually implemented in a C pro- 
gram without using any computer algebra system. The solutions obtained agree well with the 
exact numerical solution repeated in the literature. 
Our solution procedure here might be described as a hybrid of symbolic and numerical meth- 
ods. It is symbolic because the aspect ratio of the duct remains in symbolic form throughout the 
solution. Yet, it also has a numerical nature because of the large number of floating point opera- 
tions involved: the Gauss quadrature integration and the Gauss elimination. This hybrid scheme 
can be a useful complement to the conventional purely numerical scheme in many engineering 
applications. 
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APPENDIX  
Gauss Elimination when Each Element of the Matrix is a Polynomial 
Consider the following system of 3 equations: 
P l l  (b) Xl  (b) + P~2(b) X2 (b) + P13(b) X3(b) = P , (b ) ,  
P~ (b) X~ (b) + P22 (5) X2 (b) + P23 (b) X3 (5) = P2, (b), 
Pal (5) x, (b) + Pa: (5) x2 (5) + Pa3 (b) Xa (b) = P3, (b), 
where Xi(5), with i = 1,2,3, are the unknowns to be solved for, and Pij(b), with i - 1,2,3 and j = 1,2,3,4, are 
known polynomials of b. Obviously, Xi(b) must also be polynomials in b. 
While the exact solution can be obtained in symbolic form by using a general purpose canned routine for 
solving a system of linear equations in a computer algebra system, an approximate series expansion solution can 
be obtained in the following manner. 
Suppose we are interested in a series solution up to b 2 . We first write Xi(b) as: Xi(b) = xi + Yi b + zi b ~, and 
Pij(5) as: Pij(b) = pij + qij b + rij b 2 • Expanding the original equations with the use of these and collecting the 
zeroth order terms gives the following 3 equations, where each unknown is a pure number and can be solved using 
the numerical Gauss elimination procedure. 
p l lX l  "~" PI2 X2 ~- P13 ~3 =P14, 
~021 2:1 "]" P22 X2 + P23 X3 = P24, 
]°31 ,~I "~" P32 X2 q" P33 X3 = P34. 
Collecting the terms involving 5 gives the equations for Yl, Y2 and ~/3: 
Pll ~1 + P12 Y2 + P13 ]/3 = q14 -- (qll Xl + q12 x2 + q13 x3), 
P21 Yl  q- P22 Z/2 "~" P23 $/3 ---~ q24 -- (q21 Xl  "~" q22 X2 + q23 X3),  
P3; ~; + p32 ~2 + P33 ~3 = q34 - (q3; ~t + q32 z2 + qz-q xs). 
The second order term, and even higher order terms if desired, can be obtained similarly. Thus by doing the Gauss 
elimination successively, we can obtain the successive higher order terms in the series expansion solution. This, of 
course, is just a minuscule of the commonly used series expansion procedure in perturbation analysis. 
It is fairly straightforward to implement the above solution procedure in a C language program. In our work, 
we have automated this Oauss elimination procedure by making it part of the computer algebra batch program 
r, mni -  g under Mathematica. First, Mathernatica genera ls  all the coeffidents. It writes them in a data file to 
be read by the C program and then calls the C program. The C program is then executed, and the results of 
the Gauss elimination are written to a file in symbolic form. Then Mathematica reads these results and proceeds 
further with the symbolic computation. 
